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 .Let A be a finite dimensional algebra associative with unit over an
algebraically closed field k.
For a finitely generated bimodule X , the Hochschild cohomologyA A
i .  . w x i .groups H A, X i G 0 were introduced in 10 . We shall denote H A
i . i .  .s H A, A . The vanishing of the low dimensional groups H A i F 2
has classical interpretations and plays an important role in the representa-
w xtion theory of algebras: Gernstenhaber 7 has shown some connections
2 .  w x. 1 .between H A and the deformation theory of A see also 5 ; H A is
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GASTAMINZA ET AL.2
related to the separation properties of the vertices of the quiver of A see
w x. 2 .1, 8, 20 ; the vanishing of H A is related to the existence of multiplica-
w xtive basis for A 12 .
Assume the algebra A is basic, that is, A s kQrI for some finite quiver
Q and an admissible ideal I of the path algebra kQ. We say that an
algebra B is a convex subcategory of A if there is a path-closed full
 .subquiver Q9 of Q such that B s kQ9r I l kQ9 . We shall say that
1 . i .H A strongly ¨anishes if H B s 0 for every convex subcategory B
of A.
1 .Some known facts: if H A strongly vanishes and Q has no oriented
cycles, then A is said to be strongly simply connected a concept introduced
w x.in 20 . If A is representation-finite and Q has no oriented cycles, then
1 . i . w xH A s 0 implies that H A strongly vanishes for all i G 1 8 . If A is
1 . i .tame of polynomial growth and H A strongly vanishes, then H A
w xstrongly vanishes for all i G 3 5, 20 . One of the aims of this work is to
present a generalization of these results.
Recall that A is schurian if dim e Ae F 1 for every pair of indicesk i j
1 F i, j F n, where e , . . . , e is a complete set of pairwise orthogonal1 n
primitive idempotents. Representation-finite algebras A s kQrI such that
Q has no oriented cycles are always schurian.
1 .THEOREM 1. Let A s kQrI be a schurian algebra such that H A
i .strongly ¨anishes. Then Q has no oriented cycles and H A strongly ¨anishes
for all i G 1.
 .We say that A has con¨ex projecti¨ es resp. con¨ex injecti¨ es if for every
 4 vertex x of Q, the set of vertices supp P s y: e Ae / 0 resp. supp Ix y x x
 4.s y: e Ae / 0 is convex in Q. We recall that A is tame if for everyx y
dimension d, the indecomposable A-modules of dimension d occur, up to
isomorphism, in a finite number of discrete or one-parametric families of
  . .modules see 3.1 for a more precise definition . Tame algebras are an
important topic of current research.
Theorem 1 does not hold if we drop the schurian hypothesis. For tame
algebras we get the following generalization.
THEOREM 2. Let A s kQrI be a tame algebra with con¨ex projecti¨ es
and con¨ex injecti¨ es and such that Q has no oriented cycles. Assume that
1 . 2 . i .H A and H A strongly ¨anish. Then H A strongly ¨anishes for all
i G 1.
The paper is organized as follows. In Section 1 we recall some basic
concepts. Section 2 is devoted to the proof of Theorem 1; in Section 3,
Theorem 2 is shown as the consequence of more precise statements.
Section 4 considers some features of the Auslander]Reiten quiver G ofA
1 .an algebra A such that H A strongly vanishes.
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1. HOCHSCHILD COHOMOLOGY
1.1. We recall the construction of the Hochschild cohomology groups
i .H A of an algebra A. Consider the bimodule A and the complexA A
 i i. i i 0 iC , d defined by C s 0, d s 0 for i - 0, C s A , C sig Z A A
 mi . miHom A , A for i ) 0, where A denotes the i-fold tensor productk
0  . 0 . . iA m ??? m A, d : A ª Hom A, A with d x a s ax y xa, and d :k k k
C i ª C iq1 with
di f a m ??? m a s a f a m ??? m a .  . . 1 iq1 1 2 iq1
i
jq y1 f a m ??? m a a m ??? m a .  . 1 j jq1 iq1
js1
iq1q y1 f a m ??? m a a . .  .1 i iq1
i . i ?. Then H A s H C is the ith Hochschild cohomology group of A with
. w xcoefficients in A , see 8, 10 .A A
1.2. Let A s kQrI be an algebra. We identify A with the k-category
 .whose objects are the vertices Q of Q and morphisms A x, y s e Ae ,0 y x
 .where e is a complete set of pairwise orthogonal primitive idempo-x x g Q0
tents. The following are relevant facts concerning the Hochschild cohomol-
ogy of A.
 .  w x . w xa See 8 . Assume A s B M is a one-point extension of the algebra
 w x.B by the B-module M see 18 . Then there is a long exact sequence of
the form
0 ª H 0 A ª H 0 B ª End M rk ª H 1 A ª .  .  .  .B
ª H 1 B ª Ext1 M , M ª ??? .  .B
??? ª H i A ª H i B ª Ext i M , M ª ??? . .  .  .B
 .b Assume that A s kQrI is such that Q is connected and has no
oriented cycles. Let s be a source in the quiver Q and denote by B the full
 4 subcategory of A induced by the vertices Q _ s where Q denotes the0 0
.set of vertices of Q . We may decompose B s B = ??? = B as a product1 r
of indecomposable factors and correspondingly, the radical of the inde-
composable projective P as rad P s M [ ??? [ M , where M is a B -s s 1 r i i
module. We recall that s is said to be separating if M is indecomposablei
for every 1 F i F r.
w x 1 .By 20 , if H A s 0, then all sources of Q are separating. Moreover,
1 .H A strongly vanishes if and only if for every convex subcategory
B s kQ9rI9 of A, all sources of Q9 are separating.
1 .1.3. For arbitrary algebras A s kQrI it is not known if H A s 0
 w x.implies that Q has no oriented cycles see 8, 20 . We have the following
partial result.
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1 .PROPOSITION. Let A s kQrI be a schurian algebra. Assume that H A
strongly ¨anishes, then Q has no oriented cycles.
Proof. Assume Q has cycles and let a be a vertex of Q on a cycle. Let
B be the minimal convex subcategory of A containing a. Then B s kDrJ
is a schurian algebra such that D is a quiver where every vertex belongs to
Äa cycle. Therefore the universal over F: B ª B is a Galois covering map
Ä Ä Ä .defined by the action of a free group p B and such that B s kDrJ is a1
Ä  w x.category with D a quiver without oriented cycles see 11 .
w xIn 12 it is shown that there is a finite Galois covering F : B9 ª B0
< <given by the action of a finite non-trivial group G such that char k ¦ G
and B9 is a schurian algebra. Moreover F induces a k-linear map P:0
1 . 1 . 1 .H B9 ª H B which is non-zero. Thus H B / 0 which contradicts
1 .that H A strongly vanishes.
i .  .1.4. The low degree Hoschschild cohomology groups H A 1 F i F 3
have important interpretations. We briefly recall some facts.
1 . 0  0 .The first group H A ( Der ArDer A, where Der A resp. Der A is
 . 2the set of derivations resp. inner derivations of A. For f g ker d , there
is an associative algebra A h A defined on A [ A with multiplica-f
 . .   ..tion a, b a9, b9 s aa9, ab9 q ba9 q f a m a9 . Two structures A h A,f
A h A are isomorphic if and only if f and g represent the same elementg
2 .in H A .
w x 2 .By 7 , if H A s 0, then A is analytically rigid, that is, any one-param-
eter deformation of A is isomorphic to the trivial one. Moreover, if
3 . 2 . w xH A s 0 and A is analytically rigid, then H A s 0. See also 5 for
other rigidity conditions.
1.5. The following example is relevant in the context of our results.
Consider the algebra A s kQ rI given by the quivern n n
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and I generated by all the commutative squares. Hence A is a posetn n
j .algebra, in particular A is schurian. We claim that H A / 0 for j s 0,n n
j .n and H A s 0 for all other values of j.n
< <Indeed, let Q denote the geometric realization of the simplicialn
w xcomplex determined by the poset associated with Q . By 6 , we haven
i Ã i Ã i .  < <.  < <.H A s H Q , where H Q denotes the simplicial cohomology ofn n n
< < < < nQ . Since Q ( S , the result follows.n n
2. SCHURIAN ALGEBRAS
 . w x2.1. Let S be a poset s partially ordered set . We denote by A s k S
 .the associated poset algebra with dim A x, y s 1 if x F y in S and 0k
 .otherwise. Observe that the algebra in example 1.5 is a poset algebra.
The following will be useful.
w xPROPOSITION 4 . Let A s kQrI be a basic finite dimensional schurian
algebra. Then we ha¨e the following:
 . 1 .a Assume that H A strongly ¨anishes. Then A is a poset algebra if
 .and only if there is an indecomposable A-module M with dim M x s 1 fork
all ¨ertices x of Q. In this case, the module M is unique.
 . w x 1 .b Assume A s k S is a poset algebra. Then H A strongly ¨anishes
if and only if A does not contain crowns, that is, full subcategories of the form
 4where the intersection of the con¨ex hull of a , b and the con¨ex hull ofi i
 4  4   4a , b is a resp. the intersection of the con¨ex hulls of a , b andi iq1 i iy1 i
 4  4.a ,b is b for 1 F i F s and b s b , a s a .i i i sq1 1 0 s
 .Proof. a If A is a poset algebra, then clearly M exists. Conversely, if
1 . w  .xH A strongly vanishes, by 4, 1.4 , A is weakly transitive. The existence
 .of M guarantees the transitivity of the order x F y if A x, y / 0.
w  .x  . w  .xUniqueness is shown in 4, 2.9 . Part b is 4, 3.3 .
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w x 1 .2.2. PROPOSITION. Let A s k S be a poset algebra such that H A
strongly ¨anishes. Let M be the unique indecomposable A-module with
 .dim M x s 1 for e¨ery ¨ertex x of S. Thenk
 .a p dim M F 1A
 . 1  .b Ext M, M s 0.A
 .Proof. a We shall define explicitly a projective resolution of M. For
this purpose, let a , . . . , a be all the sources of S and consider the set1 r
 4  4b , . . . , b of vertices of S of the form b s inf a , a for some j / l1 s i S j l
observe that since A does not contain any crown, there is a unique
 4.maximal predecessor of a and a for j / l, this is inf a , a . For eachj l S j l
 41 F i F s, we consider the set S s a : a G b . We claim that there is ani j j i
exact sequence of the form
s r
< s <y1i0 ª P ª P ª M ª 0.[ [b ai j
is1 js1
r  .Indeed, we may define w : [ P ª M such that for g g P x wea ajs1 j j
 .  .have w g s 1 g k s M x .
< <For 1 F i F s, we consider paths d from a g S to b ; set s s S .ji j i i i i
Define u : P siy1 ª [r P in the following way:i b ajs1i j
s s ri i
u y , . . . , y s y d y y d g P . .   [i 2 s j ji j 1 i ai j / js1js2 js2
We set u s =u : [s P siy1 ª [r P , the sum of the morphisms u .i b a iis1 js1i j
Clearly wu s 0.
We show that u is a monomorphism by induction on s. The case s s 1
being clear, we assume that s ) 1.
 .Observe that since S contains no crowns 2.1 , we may assume that
 41 F i F s: S l S / B has at most two elements. Since s ) 1, by con-1 i
nectedness, we get that this set should have exactly two elements, say
 .S l S / B. Again applying 2.1 , the set S l S has exactly one ele-1 2 1 2
 4  . siy1ment, say S l S s a . Assume x , . . . , x s x g P is such that1 2 1 i2 i s i bi is  .  4 u x s 0. Since S l S s a , then 0 s x d g P and x s 0. Byis1 i i 1 2 1 1 j j1 a 1j
induction hypothesis the claim follows.
To complete the proof of the exactness, it is enough to check that for
each vertex x of S we have
r s
1 s dim M x s dim P x y s y 1 dim P x . .  .  .  . k k a i k bj i
js1 is1
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Indeed, for a vertex x we consider b , . . . , b all those b G x in S these1 t i
 . .are the b with P x / 0 . Then we may assume that precisely the a g Si b j ii
 .   .for 1 F i F t are those with P x / 0 otherwise, P x / 0 and a fa a jj jt   . 4D S , which is only possible if i: P x / 0 has only one element t; inis1 i ai
.this case, the desired equality is clear .
 . .  4 tBy 2.1 b , the vertices b , . . . , b j D S induce a full subquiver of1 t is1 i
S which is a tree. The number of edges of this graph is t s , while theis1 i
< t <number of vertices is t q D S . The characteristic number of the graphis1 i
is
t t r s
1 s t q S y s s dim P x y s y 1 dim P x . .  .  .D   i i k a i k bj i
is1 is1 js1 is1
 .  .  .b Applying Hom y, M to the exact sequence constructed in a weA
get
r s
s y1i0 ª Hom M , M ª Hom P , M ª Hom P , M ª .  . .[ [A A a A bj i
js1 is1
ª Ext1 M , M ª 0. .A
 . 1  . s  .Clearly, dim Hom M, M s 1 and dim Ext M, M s  s y 1k A k A is1 i
 .y r q 1 s 0 as in a .
2.3. Proof of Theorem 1. Assume A s kQrI is a schurian algebra such
1 .  .that H A strongly vanishes. By 1.3 , Q has no oriented cycles. Choose a
 4 source vertex s of Q such that Q _ s is connected if such a vertex does
.not exist, we may always find a sink .
w xWrite A s B M as a one-point extension with M s rad P . Sinces
1 . 1 .H A strongly vanishes, then M is indecomposable and H B strongly
 . i .vanishes, 1.2 . By the induction hypothesis we get that H B s 0 for
 . i . iy1 .i G 1. Moreover, 1.2 yields that H A ( Ext M, M , for i G 2.B
Let C be the full subcategory of A induced by supp Ms xgQ :0
 . 4M x / 0 ; observe that C is a convex subcategory of A and therefore
1 .  . .  .H C strongly vanishes. By 2.1 a , C is a poset algebra and 2.2 implies
1  . i  .that p dim M F 1 and Ext M, M s 0. Therefore Ext M, M sC C B
i  .Ext M, M s 0 for i G 1. This shows our theorem.C
3. THE TAME NON-SCHURIAN CASE
3.1. Let A s kQrI be a finite dimensional algebra. We recall that A is
w xsaid to be tame if for every d g N there is a family of A]k t -bimodules
w xM , . . . , M such that M is finitely generated free as right k t -module1 sd. i
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and almost every indecomposable A-module X is of the form M mi kw t x
w x  .  .k t r t y l for some 1 F i F s d and some l g k. If A is tame, we
 .  .denote by m d the minimal possible s d in the definition. We say that A
 . mis of polynomial growth if m d F d for some m g N and all d g N.
 4We shall consider the following tame algebras. For l g k _ 1 , let
A , B , D be defined by the following quivers and relations.l l l
 .a A s kDrI , wherel l
and I is generated by 3 a a and ya a b q la a b ql is1 i2 i1 12 11 22 21
 .1 y l a a b.32 31
 . o pb B s A .l l
 .c D s kQrJ , wherel l
and J is generated by 3 a a and a a q la a q a a .l is1 i2 i1 12 11 22 21 42 41
 .For l / 0, the algebras A , B , D are tubular algebras of type 2, 2, 2, 2l l l
 w x.see 18 ; in particular, they are of polynomial growth. The algebras A ,0
B , and D are tame of non-polynomial growth indeed, these algebras are0 0
w xpg-critical in the sense of 13 ; any of these algebras B may be written as a
Äw xone-point extension B s C M of a critical algebra C of type D by an4
indecomposable regular module M of regular length 2 lying on a tube of
.rank 2 in G .C
 . i .Any of the algebras B of type A , B , or D l / 1 satisfies H B s 0l l l
0 . 2 . w xfor i / 0, 2 and H B s k s H B , see 5 .
3.2. The following result implies a special case of our Theorem 2.
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w xTHEOREM 5, 20 . Let A be a strongly simply connected algebra of
polynomial growth. Then
 . n .a H A s 0 for n G 3.
 . 2 .b H A s 0 if and only if A does not contain full con¨ex subcate-
 4gories of type A , B , or D with l g k _ 0, 1 .l l l
The following example shows that the above theorem cannot be ex-
tended to all tame algebras.
Let B s kDrJ be the algebra given by the quiver
and ideal J generated by 3 a a , a a q a a , b a , b a foris1 i2 i1 12 11 42 41 i 12 i 42
 4i g 1, 2 . It is not hard to use the methods of vector space categories to
w xshow that B is tame. Moreover B s D M where M s rad P and D is aa
pg-critical algebra. The module M is the unique indecomposable B-mod-
 .ule with vector dimension dim M s ¨ . It satisfies End M s k,B
1  . 2  .  w x.Ext M, M s 0, and Ext M, M s k see 15 . Since D is a treeB B
 . i . 0 .algebra we get from 1.2 that H B s 0 for i / 0, 3 and H B s k s
3 . 1 . 2 .H B . In fact, H B and H B strongly vanish. Observe that B has no
 .convex injectives although it has convex projectives .
3.3. Before entering the arguments for the proof of Theorem 2, we
make some remarks concerning convexity of supports.
We recall that a module M [ ??? [ M with M indecomposable for1 s i
1 F i F s is said to be directing if there is no path of non-zero non-isomor-
phisms M s X ª X ª ??? ª X ª t X ª ?ª X ª ??? ª X s Mi 1 2 ty1 t t m j
w xwith X indecomposable and some 1 F i, j F s. See 9 .l
LEMMA. Let A s kQrI be an algebra and x be a ¨ertex in Q. Assume that
supp P is not con¨ex in Q. Then rad P is not directing.x x
w  .xProof. Repeating a well-known argument in 2, 3.2 , we get a se-
quence of non-zero non-isomorphisms
f f1 t6 6 6M s X X ??? X s Mi 1 2 tq1 j
between indecomposable modules, for some 1 F i, j F s with composition
f ??? f s 0. Hence we may assume f f s 0.t 1 2 1
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w xBy Lemma 1 in 9 , we get an indecomposable module Z such that
 .  .Hom X , t Z / 0 / Hom Z, X , which proves the result.A 1 A 3
3.4. For the proof of the theorem we will require the classification of
the minimal non-schurian tame algebras; we think this is of independent
interest.
An algebra A s kQrI such that Q has no oriented cycles is said to be
minimal non-schurian if Q has a unique source s and a unique sink t such
 .  4  4that dim A s, t G 2 and for every pair of vertices x, y / s, t we havek
 .dim A x, y F 1.k
PROPOSITION. Let A s kQrI be a strongly simply connected tame algebra
which is minimal non-schurian. Then A is isomorphic to one of the following
algebras:
where a denotes the class of the arrow a in the corresponding algebra.
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Observe that the algebras C are critical and that the algebras p, n.
 . T and D l / 0, 1 are tubular therefore, these two types are of p , p , p . l1 2 3
.polynomial growth ; the algebras D are not of polynomial p , . . . , p .1 mq1
 .growth in fact, the D are pg-critical algebras; also D ª D .Ä p , p . 1, 2. 01 2
Proof. Let s be the unique source and t be the unique sink of Q. Since
 .A is tame, that dim A s, t s 2. Let M s rad P which is an indecompos-k s
  ..able module because s is separating 1.2 .
 .1 We claim that any path
a a1 m6 6 6s s x x ??? x s t0 1 m
has a . . . a / 0 in A.m 1
Indeed, assume a . . . a / 0 and a a . . . a s 0 in A. Sincer 1 rq1 r 1
 .  .dim P x s dim A s, x s 1, then the representation P evaluated atk s r k r s
 .  .  .the arrow a is P a : P x ª P x , a . . . a ¬ a . . . a s 0,rq1 s rq1 s r s rq1 r 1 rq1 1
hence zero.
 .such that every path g in the drawing has P g / 0; moreover there ares
w xpaths from each c to t. See, for example, 14 .i
 4Observe that the convex subcategory A s, c of A containing s and cp p
 .is a schurian strongly simply connected algebra. Since A s, c / 0, thenp
 .  4  4by 2.1 , A s, c is a poset algebra. The same holds for A y , t andp py1
 4A s, c . Hence, any path from s to t passing through c is non-zeropy1 py1
in A. By induction we get that all paths from s to t passing through c1
are non-zero; in particular a . . . a / 0 in A.m 1
 .  .2 Let g : s s x ª x ª ??? ª x s t i s 1, 2 be two differenti i0 i1 im i
paths from s to t such that they intersect. Then the full subcategory of A
 4with vertices x : i s 1, 2, 0 F j F m has the shapei j i
and the m squares commute in A.
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Indeed, let p be the smallest number such that x / x and p - q1 1 p 2 p 1 11 1
be the smallest number such that x s x for some q . Then either1q 2 q 21 2
 4  41 - p or q - m ; say 1 - p . Since A s, x and A x , t are1 1 1 1 1 p y1 1 p y11 1
 .poset algebras, then 1 implies that 0 / g s g in A.1 2
 .Since dim A s, t s 2, then there is a convex subcategory of A with thek
shape
Indeed, let g : s ª y ª y ª ??? ª y s t be a path such that g and3 1 2 m 1
g are linearly independent in A. Then by the above, no path from y to t3 1
intersects g . Moreover, there is another path g from s to t such that1 4
 4  4g ,g and g , g are linearly independent sets, since otherwise it is1 4 3 4
1 .simple to check that H A / 0. The first arrow s ª y9 of g provides the4
.last vertex of the above figure.
Now, since A is tame, then q s q s p q 1. In case there is p - p1 2 1 1 2
such that x / x , the same argument shows that x s x .1 p 2 p 1 p q1 2 p q12 2 2 2
 .  .3 In case 2 , the algebra A is of type D for some p , . . . , p .1 mq1
0 - p - ??? - p .1 mq1
Indeed, in the above figure it is clear that tameness implies the existence
of arrows y ª t and y9 ª t in Q. The claim follows.
 .4 We may assume that any two different paths from s to t do not
 .intersect. Then the quotient Qr s , obtained from A by killing s, is a tame
hereditary algebra.
 .  .If Ar s is representation-finite, then A is of type C . If Ar s is p, n.
Ärepresentation-infinite of type D , then A is of type D ; otherwise A is of4 l
type T . p , p , p .1 2 3
3.5. Theorem 2 follows as a particular case of the following result.
THEOREM. Let A s kQrI be an algebra such that Q has no oriented
cycles and satisfies
 .i A is tame;
 .ii A has con¨ex projecti¨ es and con¨ex injecti¨ es;
 . 1 .iii H A strongly ¨anishes.
Then the following assertions are equi¨ alent:
 . i .a H A strongly ¨anishes for e¨ery i G 1;
 . 2 .b H A strongly ¨anishes;
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 .c A does not contain a con¨ex subcategory of one of the types A , B ,l l
 4or D with l g k _ 1 .l
 .  .  .  .  .Proof. a « b is trivial and b « c follows from 3.1 .
 .  .c « a . Let A be a minimal counterexample for the theorem, that is,
 .  .  .A satisfies i , ii , iii , does not contain convex subcategories of any of the
j .types A , B , or D , and for some j ) 1 we have H A / 0 but for everyl l l
i .complex proper subcategory B of A we have H B s 0 for i G 1.
w x   ..By Theorem 1, A is not schurian. Moreover, by 5 see 3.2 , A is not
of polynomial growth.
 4Choose s a source or sink in Q such that Q _ s is connected. Assume
that s is a source and let M s rad P and write A as a one-point extensions
w x w xA s B M . Since A is strongly simply connected, then by 20 , M is
indecomposable and the full subcategory C of A induced by supp M is
 .convex in A. We shall prove that C s B that is, M is sincere in B .
w x  .Indeed, if E s C M is a proper convex subcategory of A, we have
i .  .that H E s 0 for i G 1. By 1.2 , we have an exact sequence
0 s H jy1 C ª Ext jy1 M , M ª H j E s 0, .  .  .C
&
jy1 jy1 j .  .  .but also Ext M, M ( Ext M, M ªH A / 0, a contradiction.C B
Therefore, A is a strongly simply connected, sincere algebra which is
w xtame not of polynomial growth. In particular, by 16 , A does not contain
any convex algebra of tubular type.
 .Since A is not schurian, we find vertices a and b in Q with dim A a, bk
 4  4s 2 and for every pair x, y / a, b contained in the convex subcategory
 4  .  4  .A a, b , we have dim A x, y F 1. Set C s A a, b . By Proposition 3.4 ,k
we have that C is either of type C or D with p , . . . , p, n.  p , . . . , p . 11 mq1
.  .p / 1, 2 .mq 1
We claim that a s s. Assume that a / s. Since P is sincere, there is as
b 6
path s s x ª ??? ª x s y a. Consider the subcategory E s1 m
 4A y, b . We shall first observe that the vertices in E are those in C and y.
This is easy to prove; we illustrate it in case C is of type C . If E has2, 2.
more than 6 vertices, then E contains a convex subcategory of one of the
following shapes
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where the sum of the 3 parallel paths is zero. These two drawings
represent wild algebras, which is a contradiction against the tameness of
A. Observe that in the first situation we have dg / 0 because of the
.convexity of supp P .y
We distinguish the possible shapes of C.
 .Assume C is of type D . As above we get that Er b is a wild p , . . . , p .1 mq1
hereditary algebra. Hence s s a also in this case.
The dual argument shows that b is the unique sink in Q. Hence A is a
 .minimal non-schurian algebra. By 3.4 , A is of type C or C p, n.  p , . . . , p .1 mq1
 .  .  .with p , . . . , p / 1, 2 since D and tubular types are discarded .1 mq1 l
i .But for these algebras we have H A s 0 for i G 1, as it is easy to verify
 .using 1.2 . This contradiction completes the proof of our theorem.
4. ON THE STRUCTURE OF THE
AUSLANDER]REITEN COMPONENTS
4.1. Let A s kQrI be an algebra such that Q has no oriented cycles.
An Auslander]Reiten component is a connected component of the Aus-
lander]Reiten quiver G . We shall consider some features of these compo-A
nents for algebras with strongly vanishing cohomologies.
We start recalling some known facts.
 .  w x .a See 3 . Assume that A is a strongly simply connected algebra
 1 . .i.e., H A strongly vanishes . Then G has a postprojective component.A
 .  w x .b See 8 . Assume that A is a tilted algebra of type D. Then
1 .H A s 0 if and only if D is a tree. In this case, the connecting
component of A has a complete section of tree type D.
4.2. An Auslander]Reiten component C of G is directing if everyA
module X g C is directing, that is, there are no cycles of non-zero
non-isomorphisms X s X ª X ª ??? ª X s X between indecompos-0 1 m
able A-modules. We say that C is con¨ex if for every chain of non-zero
non-isomorphisms X ª X ª ??? ª X between indecomposable mod-0 1 m
 .ules with X , X g C , then all X g C 0 - i - m . The components0 m i
 . .  . .considered in examples 4.1 a and 4.1 b are convex and directing.
 .Let C be a directing component of G . The orbit graph O C of C isA t
 .defined as follows: the vertices of O C are the t-orbits of indecompos-t
able modules in C ; we draw an edge Xt}}Yt between the t-orbits of X
and Y if there are numbers a, b g Z such that there is an irreducible map
a b  .between t X and t Y. We say that C is of tree type if O C is a treet
graph.
1 .PROPOSITION. Assume that H A strongly ¨anishes. Then any con¨ex
directing component C of G is of tree type.A
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Proof. We may assume that C is sincere, that is, [ X is a sincereX g C
  .module. Indeed, we shall prove that supp C s i g Q : X i / 0 for some0
4X g C yields a convex subquiver of A. For this purpose, let i s i ª0
 .  .i ª ??? ª i s j be a path in Q such that X i / 0 / Y j for some1 s
w xX, Y g C and i f supp C for 1 F t F s y 1. By the argument in 2t
already quoted, there is a quotient algebra A of A and a chain of
non-zero maps Y ª I X ª S ª E ª S ª ??? ª S ª PX ª Xj i sy1 i y2 i isy 1 s 1X X .between indecomposable A-modules, where I resp. P , S is an injectivej i x
 .resp. projective, simple A-module. This contradicts the convexity of C.
We distinguish two cases for the proof.
Assume that C contains projective modules. Choose a maximal projec-
tive module P in C with respect to the path order in C. Therefore, a is aa
source in Q. Otherwise, b ª a in Q implies that there is a map 0 / P ªa
P and by the maximality of P , then P f C. But since C is convex, web a b
.get b f supp C which contradicts the first remark.
w xLet M s rad P and write A as a one-point extension A s B M .a
Consider the decomposition B s B @ ??? @ B into irreducible factor1 s
algebras and the corresponding decomposition M s M [ ??? [ M with1 s
w  .xsupp M in B . By 17, 3.1 , for each i s 1, . . . , s there is a directingi i
component C of G where all direct summands of M lie. Since A isi B ii
strongly simply connected, so is each B and the corresponding M isi i
 .indecomposable. By induction hypothesis, we get that O C is a tree,t i
 .  .i s 1, . . . , s. Then O C is obtained by glueing all trees O C to a centralt t i
t  .  w  .  .x.vertex P , hence O C is a tree see 17, 1.4 , 3.6 .a t
In the second case, we assume that C has no projective modules. Then
 w x.C contains a complete slice S in the sense of 18 . In particular, A is a
w x 1 . 1 .tilted algebra of a hereditary algebra kD. By 8 , 0 s H A s H kD
and D is a tree. Since the underlying graphs of S and D are the same,
 .then O C is a tree graph.t
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